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Abstract. The aim of this paper is to develop the theory of Hom-coalgebras and related 
structures. After reviewing some key constructions and examples of quasi-deformations of 
Lie algebras involving twisted derivations and giving rise to the class of quasi-Lie algebras 
incorporating Hom-Lie algebras, we describe the notion and some properties of Hom- 
algebras and provide examples. We introduce Hom-coalgebra structures, leading to the 
notions of Hom-bialgebra and Hom-Hopf algebras, and prove some fundamental properties 
and give examples. Finally, we define the concept of Hom-Lie admissible Hom-coalgebra 
and provide their classification based on subgroups of the symmetric group. 



1. Introduction 



In lllTl 1261 12711 . the authors have developed a general quasi-deformation scheme for 
Lie algebras of vector fields based on use of general (7-derivations, and shown that this 
natural quasi-deformation scheme leads to a new broad class of non-associative algebras 
with twisted six terms generalized Jacobi identities instead of the usual Jacobi identities of 
Lie algebras. The main initial motivation for this investigation was the goal of creating a 
unified general approach to examples of ^'-deformations of Witt and Virasoro algebras con- 
structed inl990-1992in pioneering works |Ill|l[l|i,|l|l[l|2l|35l], where in particular it 



was observed that in these examples some g-deformations of ordinary Lie algebra Jacobi 
identities hold. Motivated by these and the new examples arising as application of the gen- 
eral quasi-deformation construction of fl7i l26i 27 ] on the one hand, and the desire to be 



able to treat within the same framework such well-known generalizations of Lie algebras 
as the color and super Lie algebras on the other hand, quasi-Lie algebras and subclasses 
of quasi-Hom-Lie algebras and Hom-Lie algebras were introduced in 1 17, 2^ 27, 28]. In 



the subclass of Hom-Lie algebras skew-symmetry is untwisted, whereas the Jacobi identity 
is twisted by a single linear map and contains three terms as in Lie algebras, reducing to 
ordinary Lie algebras when the twisting linear map is the identity map. The main feature 
of quasi-Lie algebras and quasi-Hom-Lie algebras is that both the skew-symmetry and the 
Jacobi identity are twisted by several deforming twisting maps and also the Jacobi iden- 
tity in quasi-Lie and quasi-Hom-Lie algebras in general contains six twisted triple bracket 
terms. The three terms twisted Jacobi identity of Hom-Lie algebras is obtained when the 



Date: December 27, 2007. 

Key words and phrases. Hom-Lie algebra, Hom-associative algebra, Hom-coalgebra, Hom-bialgebra, Hom- 
Hopf algebra, Hom-Lie admissible Hom-coalgebra. 

2000 Mathematics Subject Classification 16W40 and 17D25. 

This work was supported by the Crafoord Foundation, The Royal Swedish Academy of Sciences, The Swedish 
Research Council, The Swedish Links program of SIDA Foundation and Swedish Research Council, The Swedish 
Foundation of International Cooperation in Research and High Education (STINT), The Royal Physiographic 
Society in Lund, University of Mulhouse and Lund University, and the European network Liegrits. 



2 



ABDENACER MAKHLOUF AND SERGEI SILVESTROV 



six terms in Jacobi identity of the quasi-Lie or of the quasi-Hom-Lie algebras can be com- 
bined pairwise in a suitable way. That possibility depends deeply on how the twisting maps 
interact with each other and with the bracket multiplication. 

Quasi-Lie algebras is a broad class of non-associative algebras, defined in such a way 
that it encompasses Lie algebras. Lie superalgebras, color Lie algebras as well as nu- 
merous deformed algebras arising in connection with twisted, discrete or deformed gen- 
eralizations and modifications of derivatives and corresponding generalizations, discrete 
versions of vector fields and differential calculus. It turns out that, among examples fit- 
ting within the framework of quasi-Lie algebras and subclasses of quasi-Lie and Hom- 
Lie algebras belong also various quantum deformations of Lie algebras, such as defor- 
mations and quasi-deformations of the Heisenberg Lie algebra, 5(2 (K), oscillator alge- 
bras and of other finite-dimensional Lie algebras and infinite-dimensional Lie algebras 
of Witt and Virasoro type important in Physics within the string theory, vertex operator 
models, quantum scattering, lattice models and other contexts, as well as various classes 
of quadratic and sub-quadratic algebras arising in connection to non-commutative geom- 
etry, twisted derivations and deformed difference operators and non-commutative differ- 
ential calculi. Many such examples of algebras, which can in fact be shown to fit within 
the framework of quasi-Lie algebras in one or another way, can be found for instance in 
H 2, 3, 4, 5, 6, 7, 8, 9, IL 11 IZ 2& 21, 22.21 M 21, 1L21,22,24, 35, 45i and 
in references cited therein. 

In the paper fso'], we provided a different way for constructing a subclass of quasi- 
Lie algebras, the Hom-Lie algebras, by extending the fundamental construction of Lie 
algebras from associative algebras via commutator bracket multiplication. To this end we 
defined the notion of Hom-associative algebras generalizing associative algebras to a situ- 
ation where associativity law is twisted by a linear map, and showed that the commutator 
product defined using the multiplication in a Hom-associative algebra leads naturally to 
Hom-Lie algebras. We introduced also Hom-Lie-admissible algebras and more general 
G-Hom-associative algebras with subclasses of Hom-Vinberg and pre-Hom-Lie algebras, 
generalizing to the twisted situation Lie-admissible algebras, G-associative algebras, Vin- 
berg and pre-Lie algebras respectively, and shown that for these classes of algebras the 
operation of taking commutator leads to Hom-Lie algebras as well. We constructed also 
all the twistings so that the brackets [xi ,X2] = 2x2, [-^i ,-^3] — —2x3, [■^21-^3] — ^\ determine 
a three dimensional Hom-Lie algebra. Finally, we provided for a subclass of twistings, the 
list of all three-dimensional Hom-Lie algebras. This list contains all three-dimensional Lie 
algebras for some values of structure constants. The notion, constructions and properties 
of the enveloping algebras of Hom-Lie algebras are yet to be properly studied in full gen- 
erality. An important progress in this direction has been made in the recent work by D. 
Yau 114611 . Also, in this connection it may be appropriate to mention that in lEHl . for so 
called their q'-Lie algebras, which are a special subclass of Hom-Lie algebras, a universal 
enveloping algebra has been defined, Poincare-Birhkoff-Witt basis was constructed and 
corresponding Poincare-Birhkoff-Witt type theorem has been proved in detail using the 
reduction system technique of Bergman's Diamond Lemma. It is important challenging 
problem to develop further the proper notion and theory of universal enveloping algebras 
for general Hom-algebras and for general quasi-Hom-Lie and Quasi-Lie algebras. The re- 
cent works by Hellstrom pertaining to generalizations of Diamond Lemma and 
of reduction system technics to more general algebraic structures of operadic type, might 
be useful in this respect. The fundamentals of the formal deformation theory and asso- 
ciated cohomology structures for Hom-Lie algebras have been considered recently by the 
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authors in 14lJl. Simultaneously, D. Yau has developed elements of homology for Hom-Lie 
algebras in [47]. These directions of future investigation promise to be very fruitful. 

Further development of the area requires a broader insight in various new Hom-algebraic 
structures, generalizing the corresponding key structures from the context of associative 
and Lie algebras. In the present paper we review some constructions and examples of 
quasi-Lie and Hom-Lie algebras and develop the coalgebra counterpart of the notions and 
results of |39|, extending in particular in the framework of Hom-associative, Hom-Lie 
algebras and Hom-coalgebras, the notions and results on associative and Lie admissible 
coalgebras obtained in 1 15]. In this context, we also define structures of Hom-bialgebras, 
generalized Hom-bialgebras and Hom-Hopf algebras and describe some of their properties 
extending properties of bialgebras and Hopf algebras. More specifically, in Section |2] we 
recall the definitions of quasi-Lie algebras and their subclass of quasi-Hom-Lie algebras 
defined in [17^ 26, 27, 28], and then review the method of constructing the quasi-Hom-Lie 
algebras via discrete modifications of vector fields using twisted derivations, and describe 
two classes of examples of multi-parameter families of algebras arising as application of 
this method, the quasi-Lie quasi-deformations of s[2(]K) on the algebra of polynomials in 
nilpotent indeterminate and quasi-Lie algebras generalizing Witt (centerless Virasoro) al- 
gebras via discretizations by a-derivations with general endomorphism a of the algebra 
of Laurent polynomials. In Section [3] we summarize the relevant definitions of Hom- 
associative algebra, Hom-Lie algebra, Hom-Leibniz algebra and Hom-Poisson algebra. In 
this section we define the notions and describe some of basic properties of Hom-coalgebras, 
Hom-bialgebras and Hom-Hopf algebras which generalize the classical coalgebra, bialge- 
bra and Hopf algebra structures. We also define the module and comodule structure over 
Hom-associative algebra or Hom-coassociative coalgebra. We also consider a general- 
ization of bialgebra structure in the spirit of Loday [36], where the algebra in no longer 
unital and the coalgebra is no longer counital, and extend it to our context. In ll47ll . it is 
shown that starting from an algebra and algebra endomorphism, one can construct a Hom- 
associative algebra. We extend this result to Hom-associative coalgebras and generalized 
Hom-bialgebras and use it to provide some examples. The structures of Hom-coalgebra 
and the two kinds of Hom-bialgebra structures were akeady introduced in Recently, 
some developments on Hom-bialgebras were made in [48]. In Section 4, we introduce the 
concept of Hom-Lie admissible Hom-coalgebra, describe some useful relations between 
comultiplication, opposite comultiplication, the cocommutator defined as their difference, 
and their j3 -twisted coassociators and j3 -twisted co-Jacobi sums. We also introduce the 
notion of G-Hom-coalgebra for any subgroup G of permutation group ^3 . We show that 
G-Hom-coalgebras are Hom-Lie admissible Hom-coalgebras, and also establish duality 
based correspondence between classes of G-Hom-coalgebras and G-Hom-algebras. 

2. QUASI-HOM-LlE ALGEBRAS ASSOCIATED WITH (7-DERIVATIONS 

Throughout this paper K denotes a field of characteristic zero. 

In this section we first recall the definitions of quasi-Lie algebras and their subclass of 
quasi-Hom-Lie algebras defined first in 1 1/7, 2^ 27 1, and then review the construction of 



quasi-Hom-Lie algebras of discretizations of vector fields by twisted derivations. 
Let ^k(V) be the set of linear maps of the linear space V over the field K. 

Definition 2.1. (Larsson, Silvestrov [27]) A quasi-Lie algebra is a tuple (V, [•,•](/, a, j3, 0, 0) 
where 

• y is a linear space over K; 

• [■,-]v '-V xV is a bilinear map called a product or bracket in V; 
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• a,j5 :V ^V, are linear maps; 

• (0 : Da ^k(^) and 9 . Dg ^ ^k(V) are maps with domains of definition 
Doy,DeCVxV, 

such that the following conditions hold: 

• (o-symmetry) The product satisfies a generalized skew-symmetry condition 

[x,y]v = co{x,y)[y,x\v, for all {x,y) £ D^,; 

• (quasi-Jacobi identity) The bracket satisfies a generalized Jacobi identity 

(3x,y,z {Oiz,x){[aix),[y,z]v]v + P[x,[y,z]v]v)} =0, 

for all {z,x),{x,y),{y,z) G Dg and where Ox,y,z denotes summation over the cyclic 
permutation on x,y,z- 

Note that the twisting maps in the definition of quasi-Lie algebras are not arbitrary. For 
example the axioms of quasi-Lie algebra above imply some properties like 

{co{x,y)co{y,x) -id)[x,y] =0, if {x,y),{y,x) eDa,, 

which follows from the computation 

[x,y] = C0{x,y)\y,x] = Co{x,y)(o{y,x)[x,y]. 

The class of algebras introduced in Definition 12.11 incorporates as special cases Horn- 
Lie algebras and quasi-Hom-Lie algebras which appear naturally in the algebraic study of 
a-derivations and related deformations of infinite-dimensional and finite-dimensional Lie 
algebras. To get the class of quasi-Hom-Lie algebras one specifies = 0) and restricts to 
a and j3 satisfying the twisting condition [a(x), a(3')] = j3 o a[ji:,3']. 

Definition 2.2. A quasi-Hom-Lie algebra is a tuple (V, [•, -Jy, a,j3, o) where 

• y is a IK-linear space, 

• [•,■];/: V X y ^ y is a bilinear map called a product or a bracket in V 

• a,/3 : y ^ y, are linear maps, 

• 0) : D(a — > ^K(y) is a map with domain of definition Da C y x y, 
such that the following conditions hold: 

• (j3 -twisting.) The map a is a j3 -twisted algebra homomorphism, i.e. 

[a{x),a{y)]v = j3 o a[ji:,3']v, for all jc,}/ g V; 

• (o-symmetry.) The product satisfies a generalized skew-symmetry condition 

[x,y]v = (0{x,y)[y,x]v, for all {x,y) £ D^; 

• (quasi-Hom-Lie Jacobi identity.) The bracket satisfies a generalized Jacobi iden- 
tity 

Qx,y.z [o){z,x){[a{x),\y,z]v]v + ^[x,\y,z]v]v)'^ ^Q, 
for all eD^. 

Specifying in the definition of quasi-Lie algebras D^, = y x y, j3 = idv and d[x^y) — 
(i){x,y) = — idv for all {x^y) e D^ = Dq, we get a subclass of Hom-Lie algebras with 
twisting linear map a, which is moreover an algebra homomorphism due to /3 -twisting 
axiom. This class of Hom-Lie algebras includes Lie algebras when a = id. We will come 
back to general Hom-Lie algebras in the forthcoming sections. 

Important classes and examples of Quasi-Hom-Lie algebras and Hom-Lie algebras 
are obtained using a quasi-deformation procedure of discretizing vector fields by twisted 
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derivations. In this quasi-Lie deformation procedure we start with the Lie algebra g we 
wish to deform, and let p : g ^ Der(j2/) C qI{£/) be a representation of g in terms of 
derivations on some commutative, associative algebra with unity. The Lie structure on 
Der(^) is given by the usual commutator bracket between linear operators. The quasi- 
deformation procedure changes first the involved derivations to <7-derivations, i.e., linear 
maps d(j : £/ ^ £/ satisfying a generalized Leibniz rule: d(,{ab) — d(j{a)b + a{a)d(,{b), 
for all e and for an algebra endomorphism a on sz/ . The usual commutator of the 
obtained a-derivations might be in general not a d-derivation. Thus in the course of this 
deformation we also deform the commutator to a a-twisted (a-twisted) bracket [•,•]. The 
new product [•, •] is defined and closed on the left -submodules ■ da of Der(j(£/), for 
each choice of d(, G Derfj(j2/). This is the content of Theorem |2.3| which establishes also 
a canonical Jacobi-like relation on ■ d(, for [•, ■], reducing to the ordinary Jacobi identity 
when (7 = id, i.e., in the "limit" case of this deformation scheme corresponding to the Lie 
algebra g. We remark that in some cases, for instance when jz/ is a unique factorization 
domain, si ■d(, = Der(j(^) for suitable (9<j e Dero-(j2/) (see fl7]). In this scheme, we have 
two "deformation parameters" namely, si and a. Note, however, that they are not inde- 
pendent. Indeed, <T certainly depends on si . The algebra structure on jz/ • (9<j is then pulled 
back to an abstract algebra which is then to be viewed as the quasi-deformed version of 
g. It might be so that one do not actually retrieve the original g by performing appropriate 
(depending on the case considered) limit procedure. This is because for some "values" of 
the involved parameters the representation or specific operators might collapse, and some- 
times taking the limit might even become meaningless in these circumstances. This is why 
we choose to call our deformations quasi-deformations. Another interesting phenomena 
that arises is that the pull-back might "forget relations". That is to say that the operators in 
si ■ da may satisfy relations, for instance coming from the twisted Leibniz rules, that the 
abstract algebra does not satisfy. 

Let si be a commutative, associative K-algebra with unity 1 . Furthermore <7 will denote 
an endomorphism on si. Then by a twisted derivation or a-derivation on si we mean an 
K-linear map da '■ si ^ si such that a a-twisted Leibniz rule holds: 

(2.1) da{ab)^da{a)b + o{a)da{b). 

The best known a-derivations are {da){t) — a'{t), the ordinary differential operator with 
the ordinary Leibniz rule, i.e., a = id; and ((9<jfl)(f) = {Dc/a){t), the Jackson ^-derivation 
operator with a-Leibniz rule {Dq{ab)){t) = {Dga){t)b{t) + a{qt){Dqb){t), where G — tg 
and tg f{t) :— f{qt). (See [20] and references there.) 

We let Da {si) denote the set of a-derivations on si. Fixing a homomorphism a : si ^ 
si, an element da G Da{-si), and an element 5 G si, we assume that these objects satisfy 
the following two conditions: 

(2.2) a(Ann((9^)) C Ann((9a), 

(2.3) dai(y{a)) = 5a{daia)), for a e si, 

where Ann{da) := {a € si \ a ■ da = 0}. Let si ■ da = {a ■ da \ a € si} denote the cyclic 
si -submodule of Da (si) generated by da and extend (7 to si ■ da hy a {a ■ da) = <7 (a) ■ da. 
The following theorem, from [17], introducing an K-algebra structure on si ■ da making 
it a quasi-Hom-Lie algebra, provides a method for construction of various classes and 
examples of quasi-Lie algebras using twisted derivations. 



6 



ABDENACER MAKHLOUF AND SERGEI SILVESTROV 



Theorem 2.3 (Hartwig, Larsson, Silvestrov UTJ). If a {Ann{d(j)) C Ann((9cj), then the 
map [■,-]c7 defined by 

(2.4) [a ■da,b- da]a = (^(fl) • da) o {b ■ da) - {(y{b) ■ da) o (fl • da), 

fora^b G and where o denotes composition of maps, is a well-defined^-algebra product 
on the 'K.-linear space ^ ■ da- It satisfies the following identities for a,b,c G 

(2.5) [a ■da,b- da]a = {(y{a)da{b) - a{b)da{a)) ■ da, 

(2.6) [a-da,b-da]a = ~[b ■ da,a ■ da]a, 

and if in addition, ( I2.3l l holds, we have the deformed six-term Jacobi identity 

(2.7) Oa.b.c {[(y{a) ■ da,[b ■ da,C ■ da]a]a + S ■ [a ■ da,[b ■ da,C ■ da]a]a) =0. 

The algebra £/■ da in the theorem is then a quasi-Hom-Lie-algebra with a = G, P = 8 
and 0) = -idj^.g^. 

As example of application of the method in Theorem l2.3l we review the results in || 28i 
I29I] concerned with this quasi-deformation scheme when applied to the simple Lie algebra 

S[2(IK). 

The Lie algebra st2(K) can be realized as a vector space generated by elements H, E 
and F with the bilinear bracket product defined by the relations 

(2.8) [H,E]=2E, [H,F] = -2F, [E,F]=H. 

Our basic starting point is the following representation of s[2(IK) in terms of first order 
differential operators acting on some vector space of functions in the variable t: 

E^d, H^-2td, F^-t'^d. 

To quasi-deform s[2(IK) means that we firstly replace d by da in this representation. At 
our disposal are now the deformation parameters ^ (the "algebra of functions") and the 
endomorphism a. After computing the bracket on ■ da by Theorem l2.3l the relations in 
the quasi-Lie deformation are obtained by pull back. 

Let be a commutative, associative K-algebra with unity 1, f an element of jz/, and 
let a denote an K-algebra endomorphism on ja*'. Also, let Dcr(j2^) denote the linear space 
of a-derivations on Choose an element da of Tia{j^) and consider the K-subspace 
ji^ - da of elements on the form a ■ da for a £ . We will usually denote a ■ da simply by 
ada- Notice that jz/ • (9(j is a left -module, and by Theorem l2.3l there is a skew-symmetric 
algebra structure on ■ da given by 

[a-da,b-da\ = <y{a) ■ da{b-da) ~ (7 (b) ■ da {a ■ da) 

(2.9) ={aia)da{b)-a{b)daia))-da, 

where a,b £ . The elements e da,h := —2tda and / := —t^da span an K-linear 
subspace y := LinSpanjj{(9(j, —2tda, —t^da} = LinSpanj^je,/!,/} of £/ ■ da- We restrict 
the multiplication ( 12. 9t to without, at this point, assuming closure. Now, da{t^) = 
da{t-t) = a{t)da{t) + da{t)t = {a{t) + t)da{t). Under the natural assumptions (7(1) = 1 
andda{l)=0 (see |l27|]), leads to to 

(2.10a) [h,f]=2a{t)tdait)da 

(2.10b) [h,e]=2da{t)da 

(2.10c) [e,f] = -i(yit)+t)da{t)da. 

Remark 2.4. Note that when a = id and da{t) = 1 we retain the classical s[2(K) with 
relations ( 12.81 ). 
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In |28|] . we studied mostly some of the algebras appearing in the quasi-deformation 
scheme in the case when si^ = K[f]. This resulted in new multi-parameter families of 
sub-quadratic algebras in particular containing for special choices of parameters known 
examples of Lie algebras, color Lie algebras, and ^-deformed Lie algebras. One of such 
quasi-deformations of s[2(lK) is Jackson s[2(K) corresponding to discretization of vector 
fields by Jackson ^-derivative and thus to a corresponding special choice of deformation 
parameters defined by the choice of , O and d^^. But we also have constructed there 
quasi-Lie deformations in the case = K[t]/{t^) yielding new interesting unexpected 
parametric families of algebras. In fl^, we have constructed quasi-Lie deformations when 
£/ — K[t]/ (f^). This case leads typically to six relations instead of three which might have 
been thought as natural as s[2(IK) only has three relations. We will now review an extension 
of the construction to the general class of quasi-Lie deformations when — K[t]/{t^) 
(see also [30]). We believe that this is a new, very interesting and rich multi-parameter 
family of sub-quadratic algebras that, when studied from various points of view, may reveal 
remarkable properties. It would be of interest to determine the ring-theoretic properties of 
these algebras e.g., for which values of the parameters are they domains, noetherian, PBW- 
algebras, regular etc, describe their center, subalgebras, ideals and representations. 

Let K include all A^*-roots of unity and £/ be the algebra K[t]/ {t^) for a positive integer 
N >2. This is obviously an A^-dimensional IK-vector space and a finitely generated K[f]- 
module with basis {l,f , . . . ,f^"' }. For / = 0, . . . - 1, let g,- = Cit'd^, Ci ^ 0. Put 

(2.11) da{t)=p{t)^''Y.Pkt'^ a{t)JY.1kt'^ 

considering these as elements in the ring K[f]/ (t^). The equalities ( 12.111 ) have to be com- 
patible with f'^ = 0. This means in particular that (if = {a{t)—q())/t) 

N 



v=0 V^/ 



y^jloW)) t ="loLy^jlo W)) f =0 
implying (and actually equivalent to) =0 and hence qo — 0. Furthermore, 

j=0 7=0 

(2.12) ^p{t)t''-'J^s{ty^pot''-'Y.s{ty^po{N},,t''-'^Q 

7=0 7=0 

where {Njc^ = Y!J=o li - follows thus that 

(2.13) il+qi+q\ + ...+q';^-')po = 0. 

In other words, when po ^ we generate deformations at the zeros of the polynomial 
M^^' + . . . + + M + 1, that is at N'th roots of unity; whereas if /?o = then qi is a true 
formal deformation parameter. 

As before we make the assumptions that = 1, dcr{l) = and so relations (I2.10al i. 
(I2.10bb and ( I2.10cb still hold. Moreover, since for A: > we have 

k k 

d,{t'+') = ^ a{tyt'-^d,{t) = Pity' Y._'{ty. 
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Using (12.9b . we get 

[gi,gj] = CiCj[t'dajjda] = CiCj[(7{t')da{t^) - C7(f^Va(f')]'5a 

(2.1# c,Cj[aitYd^{tj) - aityd„{t')]d^ = c,c .[^^(f^) - (j(f)'-'5^(f')]cT(f)',9a. 
By i2A\ the bracket can be computed abstractly on generators gi,gj as 

[gi,gj] = [c,f'5,,c,f-'5,] - c,.c,-[((j(fOaa) ° (f-'^a) - i(yitj)da) o (t'd^)] 
(2.15) = Cia{tydaOgj - Cja{tydaOgi. 

Expanding according to the multinomial formula s{tY = [qi + q2t + . . . + qN-it'^^^)^ and 
a{t'') = a(f)*^ = t''s{tY = (qi +q2t + . .. + qN-\t^^^)'' we obtain 

[gi.gj] = Ci(s(t)'t'd^) ogj-Cj{s{tytjda) Ogi 



y. ^1 '"1n-1 8i+i2+2i3 + --+iN-2)iN-i 8j \ 

^ ,-1,...,/a,_1>0 /l!---/Af-l! C,-+,'2+2,3 + ... + (7V-2)/„_, ^ 

!l + ...+rAi-l=i 
(2+2/3 + . ..+(A'-2)iiv-i<A'-! 

_^.^.,/' y gl' • • • gw-l g;+;2+2;3+...+(Af-2);w-i g' \ 

^ 7l,-,JiV-l>0 ;i!---7'a'-i! Cj+j2+2j3+...+(A'-2);«-i ^ 

;i+. ..+;>-!=;■ 
72+2;3+...+(A'-2);a._i<A'-; 

The bracket is closed on linear span of ^,'s as for — 1 > i,j > 0, by i2.9i . we get 

[gt,gj] = ctcjidaifj) - aity-'dainMtyda 

^CiCj sign(;-/) ^ 

k=0 ki,k2,...,kt^-i>Q 

h +k2 + ■ . .+fciv- 1 =<:+min{ ( ,;} 
k2+2ki+... + {N-2)kiy_l<N 

X q'^'q'^- . ,,q'^^-lt'2+2k,+...+iN-2)k,_, p^t'+j+l-^ . 

1=0 

V • /. ■^ (fe + min{/,;})! 

ki+k2+...+kf^_l=i+k 
k2+2k3+...+{N-2)kN-i<N-i-j-l 

n M\ v^*^U^-2 Si+j+l-l+k2+2k3 + ...+{N-2)kN_i 

y^.ii) X ^2 ■■■hn-\ • 

Ci+j+l-l+k2+2k3 + ...+(N-2)kfj_i 

where sign(x) = — 1 if < 0, sign(x) = if x = and sign(x) = 1 if x > 0. 

Now we turn to the other example, quasi-Lie deformation of Witt algebra using C7- 
derivations on C[f,f^'], where a is arbitrary endomorphism of the algebra C[f*']. These 
algebras were constructed by Hartwig, Larsson and Silvestrov in |,17. Theorem 31] as 
an outcome of application of Theorem 12.31 Let jz/ = K[f,f^'], the algebra of Laurent 
polynomials. Any endomorphism of ^ = K[f,f^^] is uniquely determined by its action on 
the generator t. So, assume that ff(f) = p{t) ^ G Note that (7(1) = 1 and (T(f^') = 
a(f)^' since ^ has no zero-divisors. Hence, since o{t) is invertible, o{t) ~ p{t) = qf , 
for some S K \ {0} and i G Z. Since = K[f,f^'] is a unique factorization domain, 
if a : ^ is a homomorphism different from the identity map id (either ^ 7^ 1 or 

s ^ 1), then Dai-Bi^) ^ £^ -D, where D = i^-^ and g = gcd ((id-a)(^)), and the outer 



(fc + min{/,;})! 
ki\k2\ ■ ■ -^-i! 
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twisting multiplier in 6 term Jacobi identity (I2.7l l can be computed then as 5 = G{g)/g (see 
ITtIi ). It suffices to compute a greatest common divisor of (id— a)(^) on the generator 
f since C7(f^') is determined by (7(f) and any gcd is only determined up to a multiple 
of an invertible element. Thus g — T7^'f^^'(f — qf) is a perfectly general gcd and D = 
^f '^Y~^ is a generator for DaiA) as a left jzZ-module. The <7-derivations on IK[f ,f 

are on the form/(f) -D for/ S K[f,f^'] and so, given that is a linear basis of K[f,r^^] 
(over K), — • D is a linear basis (over K again) for ©^(^[f ,f^^]). By Theorem 12. 31 the 
linear space S)o-(j2/) = 0„g2K • (i„, where (i„ — ~t"D, n € Z can be equipped with the 
bilinear bracket product defined on generators (by ( 12.41 )) as [d„,d„i]a = q"d„sdm — q"^dmsdn 
and satisfying defining commutation relations 

for n,m> 0; 

["n,";)7j(j — Ml 2-,^Q ^ "(m+/)(s-l)+«s+m-/t + 2-/=o ¥ ^(s-l)l+n+ms-k J 

for n > 0,m < 0; 

[dn,dm]a = (L™=o^"^'''^(s-l)/l+m+M-'t + ^/2=o' ?'"^"^'^'^(n+'2)(.«-l)+n+"K-*:) 

for m > 0,n < 0; 

r 7 7 1 ■ / \ r^max(— fz,— m) — 1 (7^117^/ 7 

[£/„,t/„,]^ = asign(« -ot)I,^_^\^(_^^ ? + + 'i(m+„)s+(s-l)/-*: 

for n,m < 0, 

skew-symmetry [dn,dm]a = —[d,mdn]a and a twisted Jacobi identity 

On.mS (q" [dm, [dm,di]a] ^ + 5 [d„[d,n,di]o] = 0, 

where 5 = g'*'?*'^^^'^ Lr=o(?^^ ')'^ ^ We get a family of quasi-Hom-Lie algebras 

deforming the Witt algebra. Here the twisting map o: is a linear map on Da{-s^) sending 
d„ to q"d„s, the twisting map j3 is a linear map on Dai^s/) acting as the multiplication by 
5 from the left, and O) = = — id 

A Hom-Lie algebra is obtained when 5 e K, and this can be achieved only when s = I, 
that is, when (7(f) = qt (See Example 13. 13b . If 5 = 1 then [d„,d,„]q = q"d„di„ —q'"di„d„ 
which is the bracket for the usual ^-Witt algebra associated to discretizations by Jackson q- 
derivative [ 17^ Theorem 27]), reducing further to the usual commutator for Witt Lie algebra 
if 5 = 1 and q = 1. For further analysis of these quasi-Lie algebras quasi-deformations of 



Witt algebra we refer to 11431 l44tl 



3. Hom-Algebra and Hom-Coalgebra structures 

The notions of Hom-associative, Hom-Leibniz, and Hom-Lie-admissible algebraic struc- 
tures was introduced in ifjoll . generalizing the well known associative, Leibniz and Lie- 



admissible algebras. The Hom-Poisson algebra was introduced in 114 111 , it is suitable for 
deformation theory of commutative Hom-associative algebras. 

By dualization of Hom-associative algebra we define in the sequel the Hom-coassociative 
coalgebra structure. 

Definition 3.1. A Hom-associative algebra is a triple (V, , a) where V is a K-linear space, 
ji : V ®V ^ V is a bilinear multiplication and a : V ^ V is a K-linear space homomor- 
phism satisfying the Hom-associativity condition 

(3.1) n{a{x)® ^{y<Siz)) = lJ.{li{x<Siy)<S'a{z)). 
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The Hom-associativity condition (13. Il l may be expressed by the following commutative 
diagram. 

V®V V 

The Hom-associative algebra is said to be unital if there exists a homomorphism Tj : 
K ^ y such that the following diagrams are commutative 

K^y "^J^ v®v 'f^ y®iK 

V 

Let (y, jU, a) and (y', /x', a') be two Hom-associative algebras. A linear map / : y — > y' 
is said to be a morphism of Hom-associative algebras if 

f°a = a'of 

and / o 77 = Tj' if the Hom-algebras are unital with units TJ and Tj'. 

The tensor product of two Hom-associative algebras {Vi , Hi , OCi) and {V2,H2i(^2) is de- 
fined in an obvious way as the Hom-associative algebra {Vi ®V2,I-Li ® IJ.2, CCi ® OC2). If fji 
and Tj2 are the units of these Hom-associative algebras, then the tensor product is also 
unital with the unit Tji (g) Tj2- 

Example 3.2. Let {xi,X2,xj,} be a basis of a 3-dimensional linear space V over K. The 
following multiplication H and linear map a onV define a Hom-associative algebra over 
¥?: 

ll{x\,x\) — ax\, ll{x2,X2) — ax2, 

ll{x\,X2) = /X(x2,xi) = flX2, /i(x2,X3) = tes, 

H{x\,xj,) = H{xj,,xi)^bxi, /x(x3,X2) = /x(x3,X3) = 0. 

(x{x\)=axi, a{x2) — ax2, a{x3) ~ bx^ 

where a,b are parameters in K. 77ms algebra is not associative when a ^ b and b ^0, 
since 

^l{p.{xi,xi),X3)) - fl{xi,fl{xi,X3)) = {a-b)bx3. 



In 114711 . D. Yau shows that one can construct a Hom-associative algebra starting from an 
associative algebra and an algebra endomorphism. Therefore using the following theorem, 
one can provide examples of Hom-associative algebras. 



Theorem 3.3 ( |47|] ). Let {V,li) be an associative algebra and let a :V be an algebra 
endomorphism. Then {V,jJ.a,(^), where }Xa ~ CX,o pi, is a Hom-associative algebra. 

Moreover, suppose that {V' ,n') is another associative algebra and a' :V' ^ V' is an 
algebra endomorphism. If f :V ^V' is an algebra morphism that satisfies f o a = cc' o f 
then 

f:{V,Ha,a)^{V',^i'„„a') 
is a morphism of Hom-associative algebras. 
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Proof. We show that (V, jLlci,a) satisfies the Hom-associativity. Indeed 

lia{a{x)®lia{y®z)) = a{ii{a{x) ® a{ii{y ® z))) 

= a(p.{a(x) ® pL{a{y) ® a{z))) 
= a{^i{^{a{x) ® a{y)) ® a{z))) 
= a{iJ.{a{ix{x ®y)) ® a{z))) 
= lia{^ia{x(E)y)(E)a{z)) 
The second assertion is proved similarly. □ 

The free Hom-associative algebra was constructed in (4^. In the following, we give 
some identities satisfied by a Hom-associative algebra (V, •, a) and a pentagonal diagram 
under certain assumptions. 

Lemma 3.4. Let {y^-,(x) be a Hom-associative algebra. Then, forn>2, xq^xi, - ■ ■ ,x„ gV 
the following is true 

a"-\xo) ■ (a"-2(xi) • {a"-\x2) ■ ■ ■ (a(^„_2) • {xn-i -Xn)) •••)) = 

((• • • iixo-xi) ■ a(x2)) • • • a"^^{xn-2)) ■ a""^(x„_i)) • a""' (x„) 
Proof. The case n = 1 corresponds to the associativity condition. For « = 2, we have 
a^(xo) ■ (a(xi) • (x2-x3)) a^{xo) ■ {{xi ■X2) ■ aixj)) 
= (a(xo)-(xi ■ji:2))-o:^(x3) 
= iixQ-xi)-aix2))-a^ixi) 



Similarly, one may obtain the complete proof by induction on n. □ 
Remark 3.5. If the homomorphism a is invertible, the previous identity is equivalent to 

XQ ■ {xi • (X2 • • • {Xn-2 ■ {Xn-l ' Xn)) •■■)) = 

((• • • iia'-"{xo) ■ a^-"ixi)) ■ a4-"(x2)) ■ ■ ■ a"-\x„^2)) ■ a"-'(x„-i)) • a"-\x„) 
In particular, 

xo-{xi ■X2)) = (a"'(xo)-xi)-a(x2)) 
XQ-{xi-{x2-x3)) = {{a^^{xo)-a'^{xi))-a{x2))-a^ix3) 
xo ■ [xi ■ {x2 ■ (x3 •X4))) = ((a"^(xo) ■ a"2(xi)) ■X2) ■ a^ixi)) ■ a^{x4.) 

To construct a pentagonal diagram, similar to Mac Lane pentagon, we start with (xq) ■ 
(a(xi) ■ (x2 -xs)) and by Hom-associativity we have 

a^(xo) ■ (a(xi) • (x2 -xs)) = a^(xo) • ((xi •X2) • a(x3)) 

= (a(xo)-(xi-x2))-a^(x3) 

= ((xo-xi)-a(x2))-a^(x3) 

= (a(xo -xi) • (a(x2) • oc(x3)) 



In another hand 

a^{xo) ■ (a(xi) • (x2 •X3)) = (a(xo) • a(xi)) • a(x2 -x^) 
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Therefore 

a(xo -xi) • (a(x2) ■ oc{x3)) ~ (o:(xo) • (x{xi)) ■ a{x2 -x^) 
Then, if a is an algebra homomorphism, that is a{x-y) — a{x) ■(x{y), the previous identity 
is satisfied and therefore we obtain the following commutative pentagonal diagram 

a^ixo) ■ {a{xi) ■ ix2-x3)) 

/ \ 
a?-{xQ) ■ ((xi ■X2) ■ a{xi)) {a{xo) ■ a{xi)) ■ (a(x2) • a{xj,)) 

I T 
{a{xQ)-{xi-x2))-a^{x3) — > {{xo-xi)-a{x2))-a^{x3) 



The Hom-Lie algebras which is a particular case of quasi-Lie and quasi-Hom-Lie alge- 
bras is defined as follows. 

Definition 3.6. A Hom-Lie algebra is a triple (V, [•, ],«) consisting of a linear space V, 
bilinear map [•,•]: V x y ^ y and a Unear space homomorphism a :V satisfying 

[x,}'] = — [jjx] (skew-symmetry) 
Ox,y,z [oc{x),\y,z]] = (Hom-Jacobi condition) 

for all x,y,z from V. 

Example 3.7. Let {xi,X2,xj,} be a basis of a 3-dimensional linear space V over K. The 
following bracket and linear map a onV define a Hom-Lie algebra over 

[xi,X2] = axi+bx^ a{x\) = x\ 

[xi,X3] = CX2 a{x2) = 2X2 

[x2,X3] = iixi+2flX3, a(x3) — 2x3 

with [x2,xi], [x3,xi] and [x3,X2] defined via skewsymmetry. It is not a Lie algebra if and 
only if a ^ and c 7^ 0, since 

[xi, [X2,X3]] + [X3, [xi,X2]] + [X2, [X3,xi]] = acX2. 

We call a triple (V, jLi,a) Hom-Lie admissible algebra if the commutator defined for 
x,y e y by [x,y] — jj.{x,y) ~ jj.{y,x) defines a Hom-Lie algebra (V, [•,•],«). The Hom-Lie 
admissible algebras were studied in |39], where we have shown among other things, that 
the Hom-associative algebras are Hom-Lie admissible, thus generalizing the well known 
fact that the commutator on associative algebra defines a Lie algebra structure. 

Proposition 3.8. To any Hom-associative algebra defined by the multiplication /i and a 
homomorphism a over a M^-linear space V, one may associate a Hom-Lie algebra defined 
for all x,y by the bracket [x^y] = ll{x,y) ~ ll{y,x). 

Thus, we have a functor from the category HomAss of Hom-associative algebras into 
a c ateg ory HomLie of Hom-Lie algebras. Its left adjoint functor was constructed by Yau 



in H46I1 . It corresponds to the enveloping algebra of a Hom-Lie algebra. The construction 
makes use of the combinatorial objects of weighted binary trees. 

Removing the skew-symmetry and rearranging the Hom-Jacobi condition we get simi- 
larly the class of Hom-Leibniz algebra. 

Definition 3.9. A Hom-Leibniz algebra is a triple (V, [•, ■], a) consisting of a linear space 
y, bilinear map [•, •] : V x V — ^ V and a homomorphism a :V satisfying 

(3.2) [[x,y],a{z)] = [[x,z],a{y)] + [a{x),[y,z]]. 
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Note that if a Hom-Leibniz algebra is skew-symmetric then it is a Hom-Lie algebra. 
We introduce in the following definition Hom-Poisson structure involved naturally in 
the deformation theory of Hom-Lie algebras 14111 . 

Deflnition 3.10. A Hom-Poisson algebra is a quadruple (y,|i, {•, •}, a) consisting of a 
linear space V , bilinear maps : V x V ^ V and {•,•}: V x V V, and a linear space 
homomorphism a:V satisfying 

(1) (y, jU, a) is a commutative Hom-associative algebra, 

(2) (y, {•,•}, a) is a Hom-Lie algebra, 

(3) forall^CjjjZ in V, 

(3.3) {a{x),ii[y,z)} ^ ^{a{y),{x,z}) + ^{a{z),{x,y}). 

The condition ( |3.3l l expresses the compatibility between the multiplication and the Pois- 
son bracket. It can be reformulated equivalently as 

(3.4) {^[x,y),a{z)} ^ ^{{x,z},a{y)) + ^{a{x),{y,z}) 

for all x,y,z in V . Note that in this form it means that ad^{-) = {-jZ} is a sort of general- 
ization of derivation of associative algebra defined by jj., and also it resembles the identity 
( 13.2b in the definition for Leibniz algebra. 

It is good place now to give some examples of Hom-Lie algebras. It is well known 
that s[2(K) is a rigid Lie algebra, that is every formal deformation is equivalent to trivial 
deformation. In the following, we provide examples of Hom-Lie algebras as deformations 
of the classical Lie algebra sl2(]K) defined by [xj ,^2] = 2x2, [-^1,-^3] — ^2x3, [x2,X3] — x\ 
and g'-deformed Witt algebra. 

Example 3.11. We construct Hom-Lie infinitesimal formal deformations o/s[2(]K) which 
are not Lie algebras. We consider the 3-dimensional Hom-Lie algebras with the skew- 
symmetric bracket [ , ], and linear map CC, defined as fallows 

[xi,X2]t = aitxi -\- {2 - a2t)x2 

[xijXs], — fl3fxi +a4fX2 + (— 2 + a2f)-*3i {(^t) = 

[X2,X3], = (l-^f)xi, 

where ai,a2,a^,a4.,bi,b2 are parameters in K. 

These Hom-Lie algebras become Lie algebras for all t if and only if ai = and 03 = 0, 
as follows from 

[xi, [x2,X3]] + [x3, [xi ,X2]] + [x2, [x3,xi]] — {2a^t — (a2aj,+aia4)t^)x2 + {2ait^aia2t^)xj, ~0. 

Example 3.12 (Jackson 5(2 (K)). We consider the Hom-Lie algebra Jackson s[2(K) which 
is a Hom-Lie deformation of the classical Lie algebra s[2(K). The Jackson sl2(]K) is 
related to Jackson derivations. As linear space, it is generated by xi ,X2,X3 with the skew- 
symmetric brackets defined by 

[xi,X2]( = 2X2, [xi,X3], = -2X3 -2fX3, [x2,X3\t =Xx^^-Xi. 

The linear map oc, is defined by 

2 + f °° (—1)*^ t 

a,{xi)=X\, 0^(X2) = — — — X2 =X2+ ^ f''x2, a,(x3) =X3 + -X3. 



1 +bit 


2 ' 


2 ' 


b2t 


1 - ^t 
^ 2 ' 


04 
2 ' 








1 «2 
^ 2 
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The Hom-Jacobi identity is proved as follows. It is enough to consider it on X2, x$ andxi: 

[CCt{x2),[x3,Xi]t], + [at{x3),[xi,X2]t], + [at{xi), [x2,X3]t]t = 

= (2 + f)[x2,X3]( + (2 + f)[x3,X2]r + -^^-i-^[xi,Xl], =0. 

Example 3.13. Let £/ be the unique factorization domain K[z,z^'], the Laurent polyno- 
mials in z over the field K. Then the space (jz/) can be generated by a single element D 
as a left si^ -module, that is, S>a{£^) — si -D (This is a special case of [17, Theorem 4].) 
When <j{z) = qz with q and q I, one can take D as z times the Jackson q-derivative 

I — q 1 ^ ? 

The K-linear space S>a{£i) — 0„g2lK with x„ — ~z"D can be equipped with the 
skew-symmetric bracket [■,-]a defined on generators as 



(3.5) [x^jXijy] — q XfjXf^ q Xj^iXyi ({^}^/ {'^^}(^)^« 



where {n}<^ = (<?" — l)/(^ — 1) for q ^ ^ and {n}i = n. This bracket is skew-symmetric 
and satisfies the O-deformed Jacobi identity 

(3.6) [q" + l)[x„, [xi.X„]] + [q' + l)[xi, [Xm,Xn]a] + + l)[Xm,[XnM\=^- 

Therefore, (y,[-,-],a) = (0,^2 IKji:„, [•,•], a) with the bilinear bracket defined on genera- 
tors as [xn,x,„] = {{n}g — {m}q)x„^m ond the linear twisting map CC :V —^ V acting on 
generators as (x(x„) — (q" + l)x„ is an example of Hom-Lie algebra [2^ 5^/ (see Defini- 
tion \3.6\ in this paper). Obviously this Hom-Lie algebra can be viewed as a q-deformation 
of Witt algebra in the sense that for q=l indeed one recovers the bracket and the commu- 
tation relations for generators of the Witt algebra. The definition of its generators using 
first order differential operators is recovered if one assumes that D = z-j: for q = I as one 
would expect from passing to a limit in the definition of the operator D. 

It can be also shown that there is a central extension Virq of this deformation in the 
category of hom-Lie algebras with the deformed Jacobi identity ( 13. 6t , which is a natural 
q-deformation of the Virasoro algebra. The algebra Virq is spanned by elements {jc,, | n G 
Z} U {c} where c is central with respect to Hom-Lie bracket, i.e., \Virq,c\ — [c,Virq] = 0. 
The bracket ofx„ and Xm is computed according to 

q'" 

[x„,Xm] = {{n}q - {m}q)x„j+„ + ^n+««,O^^Y^p^{n - ^}c,{n}q{n + l}qC. 
Note that when q = I we retain the classical Virasoro algebra 

[x„,x,„] = (n-m)x,„+„ + 5„+,„,o^{n-l }{«}{« + l}c. 

from conformal field and string theories. Note also that when specializing c to zero, or 
equivalently rescaling c by extra parameter and then letting the parameter degenerate to 
zero, one recovers the q-deformed Witt algebra. Because of this the Witt algebra is called 
also, primarily in the physics literature, a centerless Virasoro algebra. In a similar way 
the q-deformed Witt algebra could be called a centerless q-deformed Virasoro algebra but 
of course with the word "central" used in terms of the Hom-Lie algebra bracket. 

In 1 14^1 it was shown how the q-deformed Witt algebras can be viewed in the framework 
of deformation theory of Hom-Lie algebras. 
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Remark 3.14. In [ 17], the Example l3.13l has been presented as the simplest example of ap- 
plication of the general method for quasi-Lie quasi-deformation and discrete modification 
of Lie algebras of vector fields based on general CT-derivations. To our knowledge, analo- 
gous examples of ^-deformed Witt algebras and ^- Virasoro algebras associated to ordinary 
^'-derivatives have been constructed for the first time in 1990 in HI 0,13. 01 where also the 
^-deformed Jacobi identities for these algebras have been discovered. The earliest paper 
we know, approaching such example of ^-deformed Witt algebra and of the associated 
with it g'-Virasoro algebra in the way closest to Hom-Lie algebras approach by systemati- 
cally using the <7-deformed Jacobi identity as the identity for a non-associative algebra for 
obtaining central extension, was the paper by Aizawa and Sato [JJ from 1990-1991. In 
that paper, the authors achieve an important insight by defining a class of non-associative 
algebras basically almost as general as Hom-Lie algebras and use it systematically for 
construction of the ^-Virasoro algebra as central extension in terms of this class of non- 
associative algebras. The only minor difference of their definition from Hom-Lie algebras 
(see Definition 13. 6b is that they put extra condition that in addition to skew-symmetry and 
a Hom-Jacobi identity there must be a "special limit" so that in the limit a Lie algebra 
is obtained. At the same time no precise meaning what "special limit" should mean for 
the general class of non-associative algebras satisfying the skew symmetry and the Hom- 
Jacobi identity (in our terminology) is given. When imposed on this specific example, the 
meaning they use is exactly that by passing to the limit ^ ^ 1 in the defining commutation 
relations one must recover the defining commutation relations of the classical Witt and 
Virasoro Lie algebras. In 1999 in [21], the Example |3.13l (up to minor change of defor- 
mation parameter and generators) of q-WiU and g'- Virasoro algebras associated to Jackson 
^-derivative has been presented in a way close to the way it appeared in namely us- 
ing Jackson ^-derivative by stressing the fact that it is a (7-derivation (skew-derivation), 
presenting the bracket multiplication and the same g'- Jacobi identity as described in the 
Example 13.131 and then systematically using it for obtaining the relations for ^-Virasoro 
algebra as a central extension in terms of this bracket and ^-Jacobi identity. The article 



112 111 is mainly concerned with this specific example and some modifications and with the 
specific for this example non-associative structure, thus fitting perfectly within the frame- 
work and the general method developed in 1 17]. The author of |21] also used the specific 
^-deformed Jacobi condition (13.61 1 satisfied in this particular example, the skew-symmetry, 
and the extra condition for the non-associative algebra being graded (but then not nec- 
essarily with one dimensional homogeneous components) to define what he called ^-Lie 
algebras. He also provided more examples of such q-Lie algebras obtained as a sum of 
the ^-Witt algebra and of quantum spaces. The ^-Jacobi condition ( I3.6l l is of cause a very 
specific example of the general operator twisted Jacobi condition of Hom-Lie algebras, 
and the condition that q-Lie algebras are graded is an additional restriction. Therefore, the 
class of q-Lie algebras from 1210 is obviously just a specific subclass of Hom-Lie algebras. 
Also clearly, in the limit when q^ I this particular ^-deformed Jacobi condition converges 
to Lie algebra Jacobi condition which means that the extra "special limit" condition in the 
1990-1991 paper of Aizawa and Sato is obviously satisfied for ^-Lie algebras in this sense, 
thus making them a subclass with respect to the definition of Aizawa and Sato as well. 

3.1. Hom-coalgebra, Hom-bialgebra and Hom-Hopf algebra structures. Now we in- 
troduce the notions of Hom-coalgebras, Hom-bialgebras and Hom-Hopf algebras and de- 
scribe some properties of those structures extending the classical structures of coalgebras, 
bialgebra and Hopf algebra. We also define notions of modules and comodules over Hom- 
associative algebra and Hom-coassociative coalgebra. Also, by removing the unit and the 
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counit from the bialgebra structure, we obtain the notion of generahzed bialgebra which 
we extend to our context. We prove, in the spirit of the theorem [33l that we can construct a 
Hom-associative coalgebra and a generahzed Hom-bialgebra from a coalgebra (resp. gen- 
erahzed bialgebra) together with coalgebra morphism (resp. generahzed bialgebra mor- 
phism). 

Definition 3.15. A Hom-coalgebra is a triple (y,A,j3) where V is a K-vector space and 
A:y— >y0y, j3 :y^y are linear maps. 

A Hom-coassociative coalgebra is a Hom-coalgebra satisfying 

(3.7) (j3®A)oA= (A(8j3)oA. 

A Hom-coassociative coalgebra is said to be counital if there exists a map e : y ^ K 
satisfying 



(3.8) {id®e)oA = id and [e ® id) o A. = id 

The conditions 13.71 and 13.81 are respectively equivalent to the following commutative 
diagrams: 



y 

y ®y 



AO/3 



|J38A 

v®v®v 



)V 



e0idv 



V(g)V 

hA 



|A 



y 



Let (y,A,/3) and (y',A',j3') be two Hom-coalgebras (resp. Hom-associative coalge- 
bras). A linear map / : y — > y' is a morphism of Hom-coalgebras (resp. Hom-coassociative 
coalgebras) if 

(/«./)oA = Ao/ and /oj3=j3'o/. 

If furthermore the Hom-coassociative coalgebras admit counits e and e', we have more- 
over e — e'of. 

The following theorem shows how to construct a Hom-coassociative Hom-coalgebra 
starting from a coalgebra and a coalgebra endomorphism. It is a coalgebra version of 
the theorem 13.31 We need only the coassociative comultiplication of the coalgebra. The 
existence of counit is not necessary. 

Tlieorem 3.16. Let (V, A) be a coalgebra and let P :V be a coalgebra endomorphism. 
Then (y,A|3,j3), where Ap = Ao j3, is a Hom-coassociative coalgebra. 

Moreover, suppose that (y',A') is another coalgebra and ji' : V' ^ V' is a coalgebra 
endomorphism. Iff :V ~^V' is a coalgebra morphism that satisfies /o j3 = j3' o/ then 

/:(y,A/3,j3)^(y',A;j„j3') 

is a morphism of Hom-coassociative coalgebras. 
Proof. We show that (y,Ap,j5) satisfies the axiom [3Jl 
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Indeed, using the fact that (j3(8)j3)oA = Ao/3,we have 
{l5(E)Ais)oAp = (A/j(8)/3)oA/j 

= ((Aoj3)(8)j3)oAoj3 
= (((/3®/3)oA)®/3)oAo/3 
= (j3(g)j3®j3)o(A(g)jJ)oAoj3 
= (j3®j3«)j3)o(iJoA)oAoj3 

= (A/3®j3)oAyj. 

The second assertion is proved similarly: 

/oAyj =/oAoj3 = A'o/oj3 = A'oj3'o/ = A^,o/. 

□ 

We introduce in the following, the structures of module and comodule over Hom- 
associative algebras and Hom-coassociative coalgebras and Hom-bialgebra. 

Let ^ = (y,/i,a) be a Horn-associative K-algebra, an ^-module (left) is a triple 
{M,f, y) where M is K-vector space and /, 7 are K-linear maps, f : M —> M and 7 : 
y (g)M — > M, such that the following diagram commutes: 

V(^V®M ^ Vi»M 

y®M M 

The dualization leads to comodule definition over a Hom-coassociative coalgebra. 

Let C = (y,A, j3) be a Hom-coassociative coalgebra. A C-comodule (right) is a triple 
{M,g,p) where Mis a K-vector space and are K-linear maps, g : M M and p :M— > 
M (g) y, such that the following diagram commutes: 

M Moy 

M(g)V M(g)V(E)V 

Remark 3.17. A Hom-associative K- algebra ^ = (y,;U,a) is a left ^-module with M = 
V, f = a and 7= Also, a Hom-coassociative coalgebra C = (y,A,j3) is a right C- 
comodule with M = V, g = P and p = A. 

Definition 3.18. A Hom-bialgebra is a 7-uple (y,jU,a,77,A,j3,e) where 
(B 1) (y, ;U , a, 7] ) is a Hom-associative algebra with unit 77 . 
(B2) (y, A, J3 , e) is a Hom-coassociative coalgebra with counit e. 
(B3) The linear maps A and e are compatible with the multipUcation /i, that is 

A(ei) = ei (g)ei where ej = T] (1) 

A(/i(x®y)) = A(x) . A(y) = L(x){y)^i{x^^^ ^y'^^^) n{x^^^ 

e(ei) = l 

where the bullet • denotes the multiplication on tensor product and by using the Sweedler's 
notation A (x) = -^^ ' ^ ® x^'^'^ . If there is no ambiguity we denote the multiplication by a 
dot. 
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Remark 3.19. One can consider a more restrictive definition where linear maps A and £ 
are morphisms of Hom-associative algebras that is the condition (B3) becomes equivalent 
to 

A(ei) = ei (gjgi where ei = 77 (1) 

A (/I (x «));)) = A (x) • A (y) = M (xW ® y W ) ® y*^^) 
, e(ei) = l 

e(;u(x03')) = e(x)e(_v) 
A(a(x)) a(x(')) eg) a(xP)) 

e o a (x) = e (x) 

Given a Hom-bialgebra (y,/x, a, 77, A, j3,e), we show that the vector space Hom{V,V) 
with the multipUcation given by the convolution product carries a structure of Hom-associ- 
ative algebra. 

Proposition 3.20. Let (y,iJ.,a,r],A,P,e) be a Hom-bialgebra. Then the algebra Hom {V,V) 
with the multiplication given by the convolution product defined by 

f-kg = Ho{f^g)oA 

and the unit being 77 o e is a unital Hom-associative algebra with the homomorphism map 

defined by y{f ) = a o / o j3. 

Proofi Let f,g,hG Hom{V,V). 

j{f)*{g*h)) = ^o{y{f)®{g*h))K 

= Ho{Y{f)(E>{no{g(S)h)oA))A 

= no{a^n)o{f^g^h)o{p^A))A. 

Similarly 

{f*g)*Y{h) = iJ.o{ij.(g)a)o{f^g^h)o{A(g)P))A. 

Then, the Hom-associativity of ^ and a Hom-coassociativity of A lead to the Hom-associ- 
ativity of the convolution product. 

The map 77 o e is the unit for the convolution product. Indeed, let / G Hom {V, V) and 

xGV, 

(/*(77 o£))(x) = n o (/® 77 o£) o A(x) = (/(x(i)) ® 77 oe(x(2))) = 

(x) 

£e(xP))^ (/(x(i)) 77(1)) = £e(x(2))/(x(')) = £/(x(')e(x(2))) = /(x). 

Similar calculation shows that (tj o e) ★ / = /. □ 

Definition 3.21. An endomorphism 5 of V is said to be an antipode if it is the inverse 
of the identity over V for the Hom-associative algebra Hom iy,V) with the multiplication 
given by the convolution product defined by 

f-kg = tio{f®g)A 

and the unit being 77 o e. 

The condition being antipode may be expressed by the condition: 
lioS®IdoA = noId®SoA = r\oe. 
Definition 3.22. A Hom-Hopf algebra is a Hom-bialgebra with an antipode. 
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Then, a Hom-Hopf algebra over a K-vector space V is given by 

Jif = {V,n,a,ri,A,l5,e,S) 
where the following homomorphisms 

H:V^V^V, Tj:K^y, a:V^V 

A:V^V(g>V, e:V^K, p-.V^V 

satisfy the following conditions 

(1) {V, n, a, ri) is a unital Hom-associative algebra. 

(2) (V, A, J3 , e) is a counital Hom-coalgebra. 

(3) A and e are compatible with the multiplication ^, that is 

A(ei) = ei (g)ei where ei = 7] (1) 
A (x • y) = A (x) . A (y) = • ® x^) • y(^) 

e(ei) = l 
^ e{x-y) = e{x)e{y) 

(4) S is the antipode: 

/lo5(8iWoA = /io/c/(g)5oA = T]oe. 

Now we consider some antipode's properties of Hom-Hopf algebras. 
Let Jtf = (y,/i,a,77,A,j3,e,5) be a Hom-Hopf algebra. For any element x e V, using 
the counity and Sweedler notation, one may write 

(3.9) X = ^x(i) (8e(x(2)) = £e(x(i)) Ox^). 

(x) {x) 

Then, for any / G EmJkIV), we have 

(3.10) fix) = £/(x(i))e(xP)) = £e(x(')) ®/(x(2)). 

Let /^^ = o (/(g)^) A be the convolution product oi f,g G EndK{V). One may write 

(3.11) (/*g)(x) = Zmx^'^)^8{x^^^))- 

Since the antipode S is the inverse of the identity for the convolution product then S satisfies 

(3.12) e(x)J7(l) = ®^'^^) = Y,^i{x^^^^S{x^^^)). 

(x) (x) 

Proposition 3.23. We have the following properties of the antipode when it exists : 

(1) The antipode S is unique, 

(2) s{^{\)) = ^{\), 

(3) eoS = £. 

Proof l)Wehme S*id = id-kS = r]o£. Thus, {S -k id) -k S = S -k {id -k S) = S . If 5" is 
another antipode of ^ then 

S' = S' i^idi^S' = S' i^id-kS = Sirid-kS = S. 

Therefore the antipode when it exists is unique. 

2) Setting ei = tj(1) and since A(ei) =ei^ei one has 

{Skid){ei) = n{S{ei)^ei)=S{ei) = T/(e(ei)) = ej. 
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3) Applying dlTol l to S, we obtain Six) = I^j^j 5(jc('))e(x(2)). 
Applying e to ( |3.12| i. we obtain 

e(x)-e(£^(5(x(i))«)x(2))). 

Since e is compatible with the multiplication fi, one has 

e(x) = ^£(5(x(i)))e(x(2)) ^ £(^5(x(i))£(x(2))) = e{Six)). 
(-«') (.v) 
Thuseo5 = e. □ 

Group-like and primitive elements. Next, we describe some properties of group-like and 
primitive elements in a Hom-bialgebra. We also define generalized primitive elements. 
It turns out that the sets of primitive and generalized primitive elements carry a natural 
structure of Hom-Lie algebra. 

Let ^ = (y,^,a, 77,A, j3,e) be a Hom-bialgebra and ei = 77(1) be the unit. 

Definition 3.24. An element x G is called group-like if A(x) = x ® x and primitive if 

A(x) = ei (g) X + X (E) e I. 

The coassociativity of A on a group-Uke element x G Jff leads to the condition 

j3 (x) (g) X (g) X = X (g) X (g) j3 (x) 

The condition is satisfied, in particular, if /3 (x) = Ax with A S K. Let V be an n-dimensional 
vector space, assume that {x,},=i ... „ be a basis of V, the group-like element x = ^"^j a,x,- 
and /3 (x) = ^4=1 Pi^i^ then the coassociativity condition is equivalent to the system of equa- 
tions 

fl,j3; - a j^i = 0, for /, = 1 , • • • , «. 
For the unit ei, which is also a group-like element, the coassociativity implies 

j3(ei)=Aei AeK. 
Now, let X e Jif be a primitive element, the coassociativity of A on x implies 
ei » ei (8) (J3 (x) - Ax) + (j3 (x) - Ax) (g) ei ei = 0. 
Therefore, for a primitive element x G we have 

j3(x) = Ax. 

Also, for a primitive element x G one has 

(J3 (g) A) o A(x) = Ti3 o (A(X)j3) o A(x) 

where T13 is a permutation in the symmetric group ^^3. Thus, the coassociativity condition 
becomes 

(A®)3)oA(x) = Ti3o(A®)3)oA(x) 
Lemma 3.25. Let x be a primitive element in J^, then £(x) = 0. 

Proof. By counity property, we have x = {id®e) oA(x). If A(x) = e\ ®x + x®e\, then 
X = e(x)ei + e(ei)x, and since e(ei ) = 1 it implies e(x) =0. □ 

Proposition 3.26. Let Jif — {V,H,a,ri,A,l5,e) be a Hom-bialgebra and e\ ~ 77(1) be 
the unit. If x and y are two primitive elements in M'. Then we have e(x) =0 and the 
commutator [x,y] = ll(x®y) — \l(y®x) is also a primitive element. 

The set of all primitive elements of .Jif, denoted by Prim{J^(f), has a structure of Hom- 
Lie algebra. 
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Proof. By a direct calculation one has 
A([^,y]) = A{ii{x®y)- ii{y®x)) 
- A(x).A(y)-A(y).A(x) 

= {e\®x + x®e\)»{e\®y + y®e\)-{e\®y + y®e\)»{ei®x+x®e\) 

= e\®ll{x<S!)y)+y®x+x®y + ii{x®y)®e\ 

—e\ ®ii{y®x) —x<S!)y — y®x — ll{y®x)®e\ 
= e\® {p.{x®y)-ll{y®x)) + {ll{x®y)-ll{y®x))®ei 
= e\®[x,y\ + [x,y\®ei 

which means that Prim{J^) is closed under the bracket multiplication [•, ■]. 

We have seen in llsoll that there is a natural map from the Hom-associative algebras to 
Hom-Lie algebras. The bracket [ji:,^] = ^ (x ® y) — jLi (y ® x) is obviously skewsymmetric 
and one checks that the Hom-Jacobi condition is satisfied: 

Mx),[y,z\] - [[x,y],a{z)] - [a{y),[x,z\] = 

li{a{x) ® ix{y iSi z)) - niaix) H{z®y)) - ^{Hiy iSiz) a{x)) + n{ii{z<S>y) ® a{x)) 

- ;U (/i (x ® y ) (g) a (z) ) + ;U (/i (y (g) x) (g) a (z) ) + ^ (a (z) (g) ;U (x (g) y ) ) - (a (z) (g) ;U (y (g) x) ) 

- ;U ( a (y ) g) /i (x g) z) ) + M ( a (y) g) /i (z g) x) ) + /i (/i (x g) z) g) a (y) ) - At (|i (z <g)x) g) a (y ) ) = 

□ 

We introduce now a notion of generalized primitive element. 

Definition 3.27. An element x e is called generalized primitive element if it satisfies 
the conditions 

(3.13) (i3g)A)oA(x) = Ti3o(Ag))3)oA(x) 

(3.14) A°''(x)=A(x) 
where Tn is a permutation in the symmetric group ^^3. 

In particular, a primitive element in Jf is a generalized primitive element. 
Remark 3.28. The condition (13.131 1 may be written 

(A®/3)oA(x) ^ Ti3o(/3g)A)oA(x). 

Proposition 3.29. Let = {V,li,a,ri,A,j5,e) tea Hom-bialgebra and e\ ^ r\{\) be the 
unit. Ifx andy are two generalized primitive elements in J^. Then, we have £(x) =0 and 
the commutator [x,y\ = jl{x®y) — jx{y ® x) is also a generalized primitive element. 

The set of all generalized primitive elements of .Jif, denoted by GPrim{J^(f), has a 
structure of Hom-Lie algebra. 

Proof. Let x and y be two generalized primitive elements in M'. In the following the 
multiplication pL is denoted by a dot. The following equalities hold: 

(A(gj3) oA(x-y-y -x) = (Ag)j3) oA(x-y) - (Ag)/3) oA(y-x) 

= (A J3 ) (A(x) . A(y) ) - (A /3 ) (A(y) • A(x)) 
= A(x(i)-3;(i))®j3(x(2).3;(2))_A(3;(i)-x(i))(gj3(y(2).x(2)) 
= (x(l)(') ® (x(')P) .3,(l)(2)) ^^(^(2) .^(2)) 

_(3,(i)(l) .^(i)(l)) ^ (3,(l)(2) .^im))^^^yii) ._,(2)). 
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Then, using the fact that A"'' = A for generalized primitive elements one has: 




The structure of Hom-Lie algebra follows from the same argument as in the primitive 



Generalized Hom-bialgebras. We introduce in the following a more general definition of 
Hom-bialgebra, where we do not consider that the Hom-associative algebra is unital and 
the Hom-coassociative coalgebra is counital. This notion extend the notion of generalized 
bialgebra in the associative case introduced by Loday in a more general framework. A 
generalized bialgebra is a triple (V, , A) of an associative multiplication jU, a coassociative 
comultiphcation A together with a compatibility condition. 

Definition 3.30. A generalized Hom-bialgebra is a 5-uple (V, , a , A, j3 ) where 
(GBl) (y,/X, a) is a Hom-associative algebra. 
(GB2) (y, A, )3 ) is a Hom-coassociative coalgebra. 
(GB3) The linear maps A is compatible with the multiplication fi, that is 



We call generalized bialgebra a generalized Hom-bialgebra where a and )3 are the iden- 
tity map. Any bialgebra is in particular a generalized bialgebra. A morphism of generalized 
Hom-bialgebras is just a morphism of Hom-associative algebras and a morphism of Hom- 
coassociative coalgebras. We can construct generalized Hom-bialgebras using generalized 
bialgebras or just bialgebras with bialgebra endomorphisms. 

Proposition 3.31. Let {V, jl^A) be a generalized bialgebra and let a :V —>V be a general- 
ized bialgebra endomorphism. Then (V, /Xa , o: , A^ , a ), where fla = CCo fi and Aa = Ao a, 
is a generalized Hom-bialgebra. 

Moreover, suppose that (y',jLi', A') is another generalized bialgebra and a' :V' ^ V' is 
a generalized bialgebra endomorphism. If f : V — > V ' is a generalized bialgebra morphism 
that satisfies f o a = (x' o f then 



is a morphism of generalized Hom-bialgebras. 

Proof. The condition GBl follows from the theorem [331 and GB2 from the theorem|TT6] 
It remains to prove the compatibility condition (GB3). The condition may be written 

Aao^a = (jU„(g);U„)oTo(Aa®A„) 

where Y is the usual flip, T(xi ®X2®xj, ®x/\) =x\®xt,®X2 ®xh. We have 



elements case. 



□ 



A{li{x®y))^A{x)»A{y)= ^ pL{x^^'^ ®y''^^) ® li{x^^^ ®y^^^) 

(x)(y) 



/: {V,iia,a,Aa,a) 



(y',^^,,a',A„,,a') 



Aao ^a"^ ^°ocoao ^ = {a®a)oAo ^o{a®a) 
= {a®a)o{{pL®pL)oTo{A®A))o{a®a) 
= ((ao^)(g)(ao/i)oYo((Aoa)(g)Aoa)) 

= (Ma«)Ma)°To(Aa(g)Aa) 



The second assertion follows also from theorems 13.31 and D . 1 6 1 



□ 



Now, we provide some examples of generalized Hom-bialgebra. 
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Example 3.32. Let ICG be the group-algebra over the group G. As a vector space, ICG is 
generated by {e^ : g G G}. If (X : G —> G is a group homomorphism, then it can be extended 
to an algebra endomorphism ofKG by setting 



A structure of Horn-associative algebra over KG was defined in MAl using theorem \3.3\ 
Consider the usual bialgebra structure on KG and a a generalized bialgebra morphism. 
Then, following the proposition 15.571 we define over ICG a generalized Hom-bialgebra 
{KG,lJ.,a,A, a) by setting: 

H{eg(g)eg,) = a(egy), 
A(e,,) a{eg) ® a{eg). 

Example 3.33. Consider the polynomial algebra — IK[(X,y)] in variables (Xij)i j^i ... „. 
It carries a structure of generalized bialgebra with the comultiplication defined by 5 {Xtj ) = 
Y!l=i^ik ®^ki <^nd 5(1) = 1 (g) 1. Let a be a generalized bialgebra morphism, it is defined 
by n^ polynomials a{Xij). We define a generalized Hom-bialgebra {x/ ,jl,a,A,a) by 

l^{f<E>g)=f{a(Xu),---,a{X„„))g{a{Xu),---,a{X„n)), 
A{Xij) = f^a{Xit)(E)aiX,,j), 

k=\ 

A(l) = a(l)®a(l). 

Example 3.34. Let X be a set and consider the set of non-commutative polynomials £^ = 
K(X). It carries a generalized bialgebra structure with a comultiplication definedforx G X 
by 5{x) = \ ®x-\-x® \ and 5(1) = 1®1. Let a be a generalized bialgebra morphism. We 
define a generalized Hom-bialgebra {£/,lJ.,a,A,a) by 

^i{f®g)^f{aiX))g{aiX)), 

A{x) = a{l)(E>a{x) + a{x)(^a{l), 
A(l) = a(l)0a(l). 

Remark 3.35. The previous constructions show that Hom-associative algebra (resp. the 
Hom-coassociative coalgebra and the generalized Hom-bialgebra) may be viewed as a 
deformation of the associative algebra (resp. coalgebra and generalized bialgebra). We 
recover the first structure when the endomorphism a becomes the identity map. 

4. HOM-LlE ADMISSIBLE HOM-COALGEBRAS 

Let (y, A, j3 ) be a Hom-coalgebra where Visa vector space over K, A : V ^ V ® V and 
P :V are linear maps and A is not necessarily coassociative or Hom-coassociative. 
By a P-coassociator of A we call a linear map Cfj (A) defined by 

Cp{A) := (A®j3)oA-()3®A)oA. 

Let be the symmetric group of order 3. Given a G ^3, we define a linear map 

: y®^ > y^^ 

by 

Recall that A"'' = t o A where T is the usual flip that is T{x®y) —y^x. 
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Definition 4.1. A triple (V, A, /3 ) is a Horn-Lie admissible Hom-coalgebra if the linear map 

AliV — ^V®V 



defined by A/, = A — A"^, is a Hom-Lie coalgebra multiplication, that is the following 
condition is satisfied 



(4.1) C^(AL)+<&(213)OCy3(AL)+<I>(231)OCy3(AL) =0 

where (213) and (231) are the two cychc permutations of order 3 in ^3. 
Remark 4.2. Since A/, = A - /SPP, the equaUty A^^ = -A^, holds. 

Lemma 4.3. Let (y,A,j3) be a Hom-coalgebra where A : V V ®V and j3 : V — > V 
are linear maps and A is not necessarily coassociative or Hom-coassociative, then the 
following relations are true 

(4.2) cpiK"") - -4>(,3)OC^(A) 

(4.3) (j3®A'"')oA = 4>(i3)o(A®i3)oA'"' 

(4.4) (j3 0A)oA"'' = 4>(i3)o(A"''®j3)oA 

(4.5) {A®^)oA"P = 4>(2i3)o(j3 0A)oA 

(4.6) {A°P^^)oA = <I)(i2)o(Aoj3)oA. 

Lemma 4.4. The jS-coassociator o/Al is expressed using A and A''p as follows: 

(4.7) Cp(Al) = c^(A)+c^(A"'') 

- (A J3 ) o A"" - (A"" ® j3 ) o A + 

<&(13) o (A® J3) o A"/' + 4>(i3) o (A'''' ® J3) o A 

(4.8) = c^(A)-0(i3)oc^(A) 

-^(213) o (J3 (g) A) o A - 3>(i2) o (A (g) /3) o A 
+^(23) o (J3 18) A) o A + 3>(23i) o (A (g) /3) o A. 

Proposition 4.5. Lef (y,A,j3) be a Hom-coalgebra. Then one has 

(4.9) C^(AL)+<I>(213)OCj3(At)+<I>(231)OC^(AL)=2 £ (-l)'=('^)<I>^oc^(A) 

(76.^3 



where (— 1)^^'^) is the signature of the permutation a. 
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Proof. By ( I4.8l l and multiplication rules in the group ,^3, it follows that 

^(2n)°^p{^L) = 4>(2i3)OC|3(A)-4>(2i3)o4>(i3)OC|3(A) 

-0(2i3) o <I>(2i3) o (J3 ® A) o A - <I>(2i3) o <I>(i2) o (A «) j3 ) o A 
+4>(213) o 4>(23) o (j3 (g) A) o A + 4>(2i3) o ^>(231) o (A (g) j3 ) o A 

(4.10) = 4>(2i3)OC/3(A)-<I>(i2)OC|3(A) 

-*(231) o (J3 (g) A) o A - 0(23) o (A (g )3 ) o A 

+<!>( 13) o (j3 g) A) o A + (A g) /3 ) o A, 

'J'(231)°C/j(Al) = 4>(23i)OC^(A)-<l>(23i)0<I>(i3)OC|3(A) 

-4>(231) °*(213) ° (i3 ®A) oA-4>(23i)0<I)(i2) o (Ag)j3) oA 
+<I>(23i) o 0(23) o (j3 ® A) o A + 4>(23i) o $(231) o (A g) j3 ) o A 

(4.11) = 4>(23i)OC/3(A)-<I>(23)OC|3(A) 

- (J3 g) A) o A - <I>(i3) o (A (g J3 ) o A 

+'l'(i2) o (j3 g) A) o A + 4>(2i3) o (A (g J3 ) o A. 

After summing up the equalities (14.8b . ( 14.101 ) and ( 14.1 lb the terms on the right hand sides 
may be pairwise combined into the terms of the form (—1 Y'^'^'i^a ° (A) with each one 
being present in the sum twice for all a G ^3. □ 

Definition 14. 1 1 to gether with (14. 9b yields the following corollary. 

Corollary 4.6. A triple (y,A,j3) is a Horn-Lie admissible Hom-coalgebra if and only if 

£ (-l)^(-)4>,oc^(A)=0 

where (—1)^'°^' is the signature of the permutation (J. 

Next we introduce the notion of G-Hom-coalgebra where G is any subgroup of the 
symmetric group ^3 . 

Definition 4.7. Let G be a subgroup of the symmetric group ^3, A Hom-coalgebra (V, A, j3 ) 
is called G-Hom-coalgebra if 

(4.12) ^ (-l)^(-)<I>,oc^(A)=0 

aeG 

where (— l)*^'"^' is the signature of the permutation a. 

Proposition 4.8. Let G be a subgroup of the permutations group J?^3. Then any G-Hom- 
Coalgebra (V, A,/3) is a Hom-Lie admissible Hom-coalgebra. 

Proof. The skew-symmetry follows straightaway from the definition. Take the set of con- 
jugacy classes {gGjg^i where ICG, and for any CTi , CT2 G /, C7i ^ (J2 CTiGfl <7iG = 0. 
Then 

£ (-ir(-^)4>,oc^(A)^ ^ ^ (-l)'^(-)<I>,oc^(A)=0. 

□ 

The subgroups of ^3 are 

Gi = {Id}, G2 = {W,Ti2}, G3 = {W,T23}, 



26 



ABDENACER MAKHLOUF AND SERGEI SILVESTROV 



where A3 is the alternating group and where Zjj is the transposition between / and j. 
We obtain the following type of Hom-Lie-admissible Hom-coalgebras. 

• The Gi -Hom-coalgebras are the Horn-associative coalgebras defined above. 

• The G2-Hom-coalgebras satisfy the condition 

C/3(A)+<I>(i2)C|3(A) =0. 

• The G3 -Hom-coalgebras satisfy the condition 

C/3(A)+<I>(23)C/3(A) =0. 

• The G4-Hom-coalgebras satisfy the condition 

C/3(A)+<I>(i3)C|3(A)=0. 

• The G5 -Hom-coalgebras satisfy the condition 

Cp (A) + <I>(2i3)C/3 (A) + <I>(231)C/j (A) = 0. 

If the product jj, is skew-symmetric then the previous condition is exactly the Hom- 
Jacobi identity. 

• The Ge-Hom-coalgebras are the Hom-Lie-admissible coalgebras. 

The G2-Hom-coalgebras may be called Vinberg-Hom-coalgebraand Gs-Hom-coalgebras 
may be called preLie-Hom-coalgebras. 

Definition 4.9. A triple (V, A, j3 ) consisting of a linear space V, a linear map jj. :V xV 
and a homomorphism j3 is called a Vinberg-Hom-coalgebra if it satisfies 

C/3(A)+<I>(12)C/3(A) =0. 

and is called a preLie-Hom-coalgebra if it satisfies 

C/3(A)+<I>(23)C/3(A) =0. 

More generally, by dualization we have a correspondence between G-Hom-associative 
algebras introduced in ll39ll and G-Hom-coalgebras for a subgroup G of ,^t, . 

Let G be a subgroup of S^t,, and let (V, jU,a) be a G-Hom-associative algebra that is 
H :V ®V and a :V are linear maps and the following condition is satisfied 

(4.13) £ (-l)'*'''aa.M°*a = 0. 

CT6G 

where fla.^i is the 0!-associator that is Ua.^i = fi o (ji (g) a) - 11 o {a (g) fi) 
Setting 

(^®a)G= £ i-lY'^"'>{ii®a)o<i>a and (a(g)^)G= {-if^"Ha®n)o^a 

aeG aeG 

the condition (14.13b is equivalent to the following commutative diagram 

vg>vg>v ^''-n'^ ygjy 
y®y V 
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By the dualization of the square one may obtain the following commutative diagram 

V 



G 



where 



(j3®A)g= £ (-ir(^)4>ao(/3®A) and (A®/3)g= £ (-l^^^^O^ o (A® /3). 
aeG aeG 

The previous commutative diagram expresses that (V, A, j3 ) is a G-Hom-coalgebra. More 
precisely we have the following connection between G-Hom-coalgebras and G-Hom-associ- 
ative algebras. 

Proposition 4.10. Let (V, A, J3) be a G-Hom-coalgebm where G is a subgroup ofS^j,. Its 
dual vector space V* is provided with a G-Hom-associative algebra (y*,A*,j3*) where 

A*,j3* are the transpose map. 

Proof. Let (y,A,j3) be a G-Hom-coalgebra, and let V* be the dual space of V, that is 
V* =Homiy,K). 
Consider the map 

K ■■ (V*)®" (V*)®" 

such that for VI (g) • • • (Xi v„ e V®" 

lni.fl ® • • • ® /n)(vi O • • • (8) V„) = /i(vi) (g) • • • ®fn{Vn) 

and set 

M:=A*oA2 a:=j3* 

where the star ★ denotes the transpose linear map. Then, the quadruple (V*,/i,Tj,a) is 
a G-Hom-associative algebra. Indeed, /i(/i,/2) = Mk°^(/i ® fi) °^ where is the 
multiplication of K and /i ,/2 G V*. One has 

Mo(Ai(ga)(/i<8)/2'8)/3) = M(M(/i«)/2)«)a(/3)) 

= MKoA2(M(/iO/2)«'a(/3))oA 

= MKoA2(A2((/i(8)/2)oA)(g)a(/3))oA 

= Mk o (Mk O J'fi') o A3 (/i i8) /2 /3 ) o (A O /3 ) o A. 

Similarly 

M o (a m) (/i ® /2 <8> /3 ) = Mk o (jc? <8i Mk) o A3 (/i /2 O /3) o (/3 (g) A) o A. 

Using the associativity and the commutativity of the a-associator may be written as 

«a,M = Mk o O'fi' Mk) ° A3 (/i /2 O /3 ) o ((A O /3 ) o A - (/3 A) o A) . 

Then we have the following cormection between the a-associator and /3-coassociator 

«a,/i = Mk o O Mk) o A3 (/l <8> /2 (8) /3 ) o Cj3 (A) . 

Therefore if (y,A,/3) is a G-Hom-coalgebra, then the (V*, A*,/3*) is a G-Hom-associative 
algebra. 

□ 
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Proposition 4.11. Let (y,/X, a) be a finite dimensional G-Hom-associative algebra where 
G is a subgroup of ,5^^. Its dual vector space V* is provided with a G-Hom-coalgebra 
(y*,/X*, a*), where jl* , a* are the transpose map. 

Proof. Let £/ — (V, /x,a) be a n-dimensional Hom-associative algebra (n finite). Let 
{ei,--- ,e„} be a basis of V and {el,-- - ,e*} be the dual basis. Then {e* is a 

basis of £/* The comultiplication A = jLi* on £/* is defined for / G by 

A(/)= t f{ll{ei®ej))e*®e* 

Setting ^{ei(g,ej)='£l^iCfjek and a(e,) =ILi "f^A' then A(e*) = If^.^j Cf,- e*®e* and 

)3(e,) = a*(e,) = ILi«k- 

The condition ( 14.121 ) of G-Hom-coassociativity of A, applied to any element el of the 
basis, is equivalent to 

p,q,s=la£G '■j=l 

Therefore A is G-Hom-coassociative if for any p,q,s,k e {1, • • • ,«} one has 

aeG ij=l 

The previous system is exactly the condition ( 14.131 ) of G-Hom-associativity of jx, written 
on Cpi <S>egi and setting p — dip'), q = <y{q'), s — cG^')- '-' 

Corollary 4.12. The dual vector space of a Hom-coassociative coalgebra (y,A,j3,e) is a 
Hom-associative algebra (V*, A*,j3*, £*), where V* is the dual vector space and the star 
for the linear maps denotes the transpose map. The dual vector space of finite-dimensional 
Hom-associative algebra is a Hom-coassociative coalgebra. 

Proof. It is a particular case of the previous Propositions (G = G\). □ 

Remark 4. 1 3. Let V be a finite-dimensional K- vector space. \f H = (V, , a , Tj , A, )3 , e , 5) 
is a Hom-Hopf algebra, then 

H* = (y*,A*,j3*,e*,Ai*,a*,J?*,5*) 

is also a Hom-Hopf algebra. 

Remark 4.14. An earlier version of this article has appeared as a Preprint in Mathematical 
Sciences in Lund University, Center for Mathematical Sciences in 2008. The results in this 
paper were also presented in the talks given by the authors at the European Science Founda- 
tion Mathematics Conference "Algebraic Aspects in Geometry", Mathematical Research 
and Conference Center, Bedlewo, Poland, October 2007; AGMF Baltic-Nordic network 
conferences, Goteborg, Sweden, October 2007 and Tartu, Estonia, October 2008; Interna- 
tional Conference on Noncommutative Rings and Geometry, Almeria, Spain, September 
2007 and Seminar Sophus Lie XXXV conference, Budapest, Hungary, March, 2008. 
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